B oblem Solvinj with Aborit"wns
1. Euclidean Aborithm

H} a:bq/—fr 5 then jCO{CO’:b): ng (b,r)

The Greatest wmmon fuctor off tw numbers does not Clﬂaf\je, if the larger

number (s (era(ed fZ\j tts Gliﬁ};rence/ with the smallest Yl(/tmlye,r_

E ] B ?152221x12
Xample | - 3(01 (252, 105 ) = 2| 05 = 21 X5
.jco( (3/52\/\:375,1\75)—.3@) (147, 105) = 2 z 4] = 20x]
0B et - [95=2]x5
o (LB
jml (185°4% 42) :jcd (63,42)= 2 [05 = 2|5
63 =21x3
ja( (@;{5142) = Sccj (7_},42) =2 ?41__2“{2
- = 2| =21x|
ﬁCCl (\4/3/\3;‘/1‘) - ﬂ(‘o( /2[,2;) = | 742:21:2

Intuitfon" Since the replacement aJJove/ reo'wes the (ager DF the twy numbe_rs,

re}veu%'mﬁ this protess ﬂives mccessivei»; smaller pairs 0{9 nuwnbers until
the Gwo numbers becom e equal . When that occur, t{'\ej ae the ged of
the OYiiinal WO numbers

Example2 = ged (2322, 654) = % Gz 2322 b=b54 a=hqtr
2322 = bB4- 3+ 36
%= el (654, 560)
Ls4 = 2ot |+ 2%

* =gcd (3b0,294)
3b0 = 2%+ L+ 66



* = 9ad (294,66 )
294 =bb- 4+ 30
# =9qcd (66, 3v)
bb =30 2 + 6
* = gcd (39,4)

o= 65

Hence, 3@1 (2522'654):6
&'~ W\’\\\j CA\)QS ‘(T%Q EMCliolean A‘ﬁ\))it’l\m vvmk"

Claim: If a=pq+r . then ged (a, b) :3(4 (h,y)

In other wordls a=bqir WIS gedtab)=d 'ff Scul(b.r)=d
)_Oh’ d—’ﬂCCj (le)

vap( (?)\ﬂdla ond dlb, then ol | (O'czb)
Hence r=a-bg. Thus dir. This means d 1S a commwon uctor 0)? b and T

Suwvse fowards contradiction that Jd'>d st-dir and olr.
Then & g, Than d' o Then ged (b =d>dl- This yields o controchictn

Hence  ged(hr)=dl.
Lebd=3cd(b,r7
(<:>\,£;{“9 and dlr | then d l(bcvr) Hence dl @ .

Reogowhﬂ ano\vqwslj Qs }“e]%r& /ﬁcol (ab)=d.

L. The Extended Euclidean Aborithm

Examyle 3 3cc{ (358 ,54) = b (The_ last von-2e10 reymainder in the TePea’Ced faction)

C bz 5433¢888 ()

885_354-1 b+
L 54};24‘(;_ + = 54-+Ba8-510)(2) = 54+ 885.(-2)+ 5432 = 3gsr-z>+s4-azT

2 = Bk o N b= 5424254434 (2)

Inwition. Wiite gcd (388,54) 6s o linear combination off 885 ard 54 2



Examrle 4  Use Eucliclean A(ﬁoritkm 2y \C{hol 3Cd (190, 452 ) =2

Then write 2 as o linear combination of 1150 and 482 .

nge = 4322420 2T 1150 x(-29 )t 432x71 \
432 = 2(bz+@\‘l hyax 3+ (190- 48D x £29) = NFox(-29) + 482XT]

21b = 50- 4 4{i4) NS 2 = 2x3) ¢ -2k x b= 482Dt 2bx( -39
50 =1b3 _*@ \> 3= 50+ @1b-50-4)(3) = 50+ 216 (-3)+50- 12 = 21 % (-3)+ Fox)3
Voo b= 2§40 > 250 b3=50+1b(3)

m- C\?Vltiuued FraC'(TiDn [3vv B, JU’OW\QI the time OF Euceliel’s ]

A Wy of ex}?{essir\\j a number as an Mteffe( FMS o series of nestecl fractions

Type 1 - Finite continued fractions Type 2 Infinite. Continued fractions.

| X Loy Q- T = lim%n = Q4blC | a0b €@, ceZ
ao’i’ | N=>¢2
a ,
&+ This sequence goes i'm]pfm'ﬁrefj.
J
o+ L
An

C(U -, An 6/}\70, Qo &N

[ag, C(') .- On]
H R’erreser\k o ratuonat H\Ambej

[' RereseWc on irrational nwnbcr_'

EXGMP]e 5112, 32])=

/ !
I ! et 7 25
It 5 L =1 2+ | 24 7 | 7 TS
3++ 7

= [2;22,1]

Examle b _(

.

' S9. _ = 3
§9= 315245 =) T3 =2+ 3= %

715 x2-4 i 2+ L 2+ 718 2+ - Termnate




Exomrle"( [h2,02:40,2,- 1 =12 ]

|
Let 0.21=X =1t 54 ’

.
L

J
Hence - A=t 2_+—)1(— = |+

X

) | X0,

This means 2+ X =3x+] ©@ 2X-2X-1=0. (4

+ —
SOIVMS (4) ﬁ]e(dg X = i_:ljﬁ - 2123 _ [EX

1403
Put x70, thus x= —i—i—

Examp\e & | G=0)y2,2 -3 =052]

D=1+ -
= (ool
124)
| |
U =+ L

Bl 1 )+ 1+ 5 -

o

|

Reploce J2 bj 4 -J{;(—)
L oor30,303
EXOWIF'G ? (ﬂ ~L3_}'/ l'/ ]
12=19x3115
19=15x1t4
I5= 4x3 3

4 =3x)
3= X340

4 >

x4 = |+ _ o 3xd
2x 2x11




IV. RSA Cry ptosysfem

2
Enaryption (58 [oks . they are public
Text > B2

e ,
2 (mod M) = 32(mod 14) = 4 (mod 14)
CiP)\gt,gx\—, : [je 4 The oviﬂinal meSSOﬁe (s ehccwtgo{_

) 2
Dea'jytmn C1v 4
) o recover th
I et wel the n/\esfaj e

A" fmod 18) = 4134304 Lmucd 14) =2 (mod 14) 7B

Q- How des i work 7
O Vi two prime numbers = =2 97]

o N= re =M, the :modvdvtS] in the Q\ﬂq’ljfﬁmkﬁj 0""0’ Olecfgjyﬁvn kej.

In r€0\H‘i" 1 P L\G«ve’m\of envymoys.
]

{
L ];jw,m¢ Pmeo coprime with 4
~ " ' ) ! |
\ \7\’\‘ QUI\C{\O‘(\ \b«t}\'\s % W%\rmw\a (Mok}\ re’,O\Swﬁﬂ’-h FEE o ‘/l
© oo = P9 # off umbers in A ] ;
= Jxb =b thatr are. woprime nith M- s B
3
@ Chowse e I<e <4w) ; < s/
coprime with NV, o) = q
J wpiime wth 14 16
e=3,5 I |
| /
J, woprime with b é B
4
e=5
Lock (5,14)  hand tv eveyone oo 6
5 L S 5
€) Chovsed : de mod GN) = | g z
50\ (YMOO\ 6)=| .d=5,1, /7” 20 >
.\/: 25 ! vV
; 50 O The tth mubtigle 0? 5.



APP@"J!X COV\‘hIMAcd Fra.cﬁon of In.

The. continued floction of X
). let %=X, and @p=lx] eq, Lil=13141=3
2). let X = 7{;3‘0 o do=lx)
D ket X poan , Q= Lkl
4). Continue until Paﬁ’cem Is srot(:eo( % We don't know ]{Z o e Gy G

/
X= L0000 Q-3 = Qo 5,

Ut~
Exio- x=[ = [;2]
Xo=l2 %™ L)z L14-]=]
Xi® _E‘::JEH C Q= LX)ERA =2

2N z Q1
- =124-\=2
X5 = }l;__"':ﬁ-&\/ s = LX2) L2.4-)

X3=Xa= X1~ &3 :LX%J:LXAJ:LX,J:QI
Heme, we conld see thot Qn=Q =2 ﬁf h= |

Th 2= [—l,‘,),)_/.. =713
us \r L J 93\765 on 'R”CVQI’
Exil> x= 5=[14)
%={5 | Qo= LXe)=LB= L2:]=2

512

X2 BIEW SBr LB T4

hence Oa=LlXl)= LxJ=0=4

= Bz Xy
e A T
2~ -
Reqsmit;\j O‘na(\ﬁUMS‘\‘j/ Qn= Q=4 FW n>
[ E—

Henee B= L4 41" [y 4) = 2% 4,4 4: —



